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Abstract

In this study, the finite element analysis of polar orthotropic annular plate with an electrorheological (ER) fluid core and

constraining layer is investigated. The equations of motion of the polar orthotropic annular sandwich plate are derived by

using the discrete layer finite element method. The extensional and shear moduli of the electrorheological fluid layer are

described by the complex quantities. When applying an electric field, the rheological property of the electrorheological fluid

materials, such as viscosity, plasticity, and elasticity can be changed. The damping of the sandwich system is more effective

when the electric fields are applied on the system. The ER fluid core is found to have a significant effect on the vibrational

behaviors of the sandwich annular plate and the characteristics of the sandwich system can be controlled actively.

Additionally, the effects of ER layer thickness, base annular plate stiffness, and some designed parameters on natural

frequencies and modal loss factors are also discussed in this paper.

r 2009 Elsevier Ltd. All rights reserved.
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1. Introduction

The sandwich structures with viscoelastic core layer have high damping capacity to suppress vibration and
noise. The damping treatment can be applied easily to the mechanical structures and provide the major
damping effects in vibrations. The pioneering work on the sandwich structure with viscoelastic core was
presented by DiTaranto [1] and Mead and Markus [2]. They discussed the axial and bending vibration of the
sandwich beam structures with arbitrary boundary conditions. Rao [3] studied the vibration analysis of the
short sandwich beams. The vibration and damping characteristics of laminated composite beams by using
Timoshenko beam element were studied by Rikards et al. [4].

The circular and annular plate had received a great deal of attention for the widely uses in many
mechanical applications and the study on the circular and annular plate had been discussed by many
researchers. Pandalai and Patel [5] studied the natural frequency of polar orthotropic circular plate for
specific conditions. Then, Vijayakumar, Ramaiah [6] and Narita [7] investigated the natural frequencies of the
polar orthotropic circular and annular plates by using the Rayleigh–Ritz method. Lin and Tseng [8]
studied the free vibration problems of polar orthotropic circular and annular plates. Recently,
many investigations of the vibration and damping analysis for the mechanical structures can be found.
Mirza and Singh [9] investigated the axisymmetric vibration of the sandwich circular plate. Roy and
Ganesan [10] presented the finite element method to calculate the vibration and damping analysis of
circular plate with constrained layer treatment. Yu and Huang [11] studied the problem of the three-layered
circular and annular plate based on the thin shell theory to discuss the characteristics of the viscoelastic
layer.

Recently, many studies on the active control of the structural vibration had been devoted to the use of the
electrorheological (ER) material. The material properties of the ER material can vary with respect to applied
electric field and the damping of the ER fluid had been paid much attention by many researchers since Brooks
et al. [12] studied the viscoelastic properties of the ER fluid. Choi and Park [13] carried out the investigation on
the active vibration control and damping analysis of the cantilever sandwich beam with ER fluid. Then,
Yalcintas and Coulter [14] adopted the ER material as controllable damping layer for the beam and plate
configuration incorporating embedded sensors and control mechanism. The dynamic characteristics and
damping effects of the sandwich isotropic and orthotropic rectangular plate structures were presented by Yeh
and Chen [15,16].

In this paper, the vibration and damping behaviors of the sandwich polar orthotropic annular plate with ER
core layer are studied. There are no works have been done to investigate this sandwich system with ER
damping treatment to author’s knowledge. The vibration and damping characteristics of the polar orthotropic
annular plate with ER core layer are calculated by using the discrete layer finite element method. The
extensional and shear moduli of the ER material are described by complex quantities and the natural
frequencies and the modal loss factors of the sandwich system are obtained by solving the complex eigenvalue
problem. Additionally, the effects of the ER layer and the influences of various parameters, such as thickness
and applied electric fields, are also discussed in this study.
2. Problem formulation

2.1. Equation of motion

In Fig. 1, the sandwich polar orthotropic annular plate with ER core layer is considered. Layer 1 is the
constraining layer and assumed to be pure elastic and polar orthotropic. The ER core layer is designed
as layer 2 and the material properties can be changed by applying various electric fields. Layer 3 is the base
annular plate and assumed to be undamped, pure elastic, and polar orthotropic. The base annular plate is
designed as the inner radius ri ¼ a and outer radius r0 ¼ b. Besides, the thickness for each layer is h1, h2,
and h3, respectively. In addition, the following assumptions must be mentioned first. The transverse
displacements of each layer are equal and there are no slipping between the constraining-ER layer and
ER-plate layer (Fig. 2).
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Fig. 1. Polar orthotropic annular plate with ER layer and constraining layer treatment.
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Fig. 2. Discrete layer annular finite element for three-layer element.
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In order to analyze the problem, the displacement field of the layer i is employed as follows:

di ¼
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By using the interpolation in r-direction and the circumferential wave number m, the displacements of the
interfaces for two-layers can be shown in terms of the nodal degrees of freedom as follows:

Uiðr; y; tÞ

Uiþ1ðr; y; tÞ

W ðr; y; tÞ

8><
>:

9>=
>; ¼

fA
u 0 0 0 fB

u 0 0 0

0 fA
u 0 0 0 fB

u 0 0

0 0 fA
w fA

Y 0 0 fB
w fB

Y

2
664

3
775qe

i ðtÞ ¼ H2ðrÞq
e
i ðtÞ (2)

where the vector of the nodal displacements of the element qe
i ðtÞ ¼ fU

A
i UA

iþ1 W A YA UB
i UB

iþ1 W B YBgT,
and H2ðrÞ is the interpolation matrix and in which fA

u ¼ ð1� xÞ cos my, fB
u ¼ x cos my, fA

w ¼

ð1� 3x2 þ 2x3Þ cos my, fB
w ¼ ð3x

2
� 2x3Þ cos my, fA

Y ¼ ðx� 2x2 þ x3Þ cos my, fB
Y ¼ ð�x

2
þ x3Þ cos my, x ¼

ðr� riÞ=ðr0 � riÞ.
Then, the strain–displacement relation for the ith layer of the system can be expressed as the following form:

�i ¼

q
q r

0
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r
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q
q z

q
q r

2
6666664

3
7777775

di ¼ Ddi (3)

where D is the differential operator matrix, and �i ¼ f�r;i �y;i grz;ig
T.

Then, the stress–strain relation can be obtained and shown as follows:

si ¼ Ci�i (4)

where si ¼ fsr;i sy;i try;ig
T, Ci is the elasticity matrix and listed in Appendix B.

2.2. Energy and finite element formulation

According to the above equation, the kinetic and strain energies of the element for ith layer can be expressed
as the following form:

Te
i ¼

1

2

Z
V

ri
_d
T

i
_di dV (5a)

Ve
i ¼

1

2

Z
V

ris
T
i �i dV (5b)

where ri is the mass density of the ith layer.
The kinetic and strain energies of the element can be rewritten as follows by substituting Eqs. (1)–(4):

V e
i ¼

1
2
Ue

i
TKe

i U
e
i (6a)
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2
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e

i

T
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i
_U

e

i (6b)

in which

Ke
i ¼

Z
V

riðH1;iH2Þ
T
ðH1;iH2ÞdV (6c)

Me
i ¼

Z
V

ðDH1;iH2Þ
TCT

i ðDH1;iH2ÞdV (6d)

Then, the following relations must be obtained by combining the elemental matrices into the global stiffness
and mass matrices:

Ue
i ¼ Tre

i U (7)

where U and Tre
i are the global nodal coordinate vector and transformation matrix, respectively.
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The equation of motion for the polar orthotropic annular sandwich system can be expressed as the
following form by assembling the contributions of all elements:

M €U þ KU ¼ 0 (8a)

in which

K ¼
X3
i¼1

XNi

e¼1

Tre
i
TKe

i Tre
i

 !
(8b)

M ¼
X3
i¼1

XNi

e¼1

Tre
i
TMe

i Tre
i

 !
(8c)

where Ni is the element number of the ith layer.
Finally, the complex eigenvalues ~l of the above complex eigenvalue problems can be calculated numerically.

The natural frequencies o and modal loss factor Zv of the sandwich polar orthotropic annular plate with ER
core layer can be obtained as follows:

o ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
Reð~lÞ

q
(9a)

Zv ¼
Imð~lÞ

Reð~lÞ
(9b)
3. Numerical results

In this paper, the discrete layer finite element method is adopted to calculate the vibration problem of the
sandwich system with ER core treatment. In order to validate the results and analysis, the solutions of
the natural frequency and modal loss factor for present model and references are presented. In Table 1, the
natural frequencies for the polar orthotropic annular plate are obtained and the boundary conditions are free
at inner radius and clamped at outer radius. Besides, the calculations of the natural frequencies and modal loss
factors for the sandwich annular plate are also presented in Table 2, and the boundary conditions are clamped
at inner radius and free at outer radius. Good accuracy and convergence can be found in the above
comparisons.

The damping effects of the sandwich system are provided by the ER fluid in this study, and only the electric
field dependence of ER fluid need to consider based on the existing model of ER material. Therefore, the
complex modulus of ER fluid can be simplified into the following form, which was experimentally calculated
by Don [17]:

G2ðE�Þ ¼ G0 þ G00 (10a)
Table 1

Comparisons between published and proposed methods for polar orthotropic annular plate.

b/h Non-dimensional fundamental natural frequency

b/a ¼ 0.1 b/a ¼ 0.5

Present Ref. [8] Present Ref. [8]

10 13.471 13.526 20.818 20.636

20 14.042 13.936 21.959 21.851

50 14.238 14.147 22.318 22.233

100 14.267 14.178 22.371 22.290
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Table 2

Comparisons between published and proposed methods for the full coverage annular plate.

Mode (n, m) Natural frequency (Hz) Modal loss factor

Present Ref. [10] Present Ref. [10]

(0, 0) 74.44 74.38 0.1128 0.1127

(0, 1) 73.00 73.08 0.09542 0.09576

(0, 2) 96.20 96.38 0.1016 0.1021

(0, 3) 144.0 142.8 0.1210 0.1212

(0, 4) 205.2 203.7 0.1170 0.1177
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Fig. 3. Effects of ~E3 on the natural frequencies and the modal loss factors of the sandwich annular plate: key: ———, natural frequency;

– – –, modal loss factor ( ~E1 ¼ 1, ~a ¼ 0:1, E� ¼ 0:5 kV=mm, b ¼ 0.15m, h3 ¼ 0:5mm, ~h13 ¼ 0:1, ~h23 ¼ 0:5).
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in which

G0 � 15 000E2
� (10b)

G00 � 6900 (10c)

where G0 is the shear storage modulus, G00 is the loss modulus, E� is the applied electric field in kV/mm
(0–0.25 kV/mm).

Additionally, in order to simplify the following analysis and discussion, the geometric and non-dimensional
parameters are used:

~a ¼
a

b
; ~h23 ¼ h2=h3; ~h13 ¼ h1=h3; ~E1 ¼

Ey;1

Er;1
; ~E3 ¼

Ey;3

Er;3
; u2 ¼ 0:49,

uyr;1 ¼ uyr;3 ¼ 0:29; r1 ¼ r3 ¼ 2700 kg=m3; r2 ¼ 1700 kg=m3; b ¼ 0:15m,

Er;1 ¼ Er;3 ¼ 70GPa, k ¼ p2=12 (for layer 1, 3), k ¼ 1 (for layer 2).
Fig. 3 shows the effects of ~E3 on the natural frequency and modal loss factor of the polar orthotropic

annular plate with ER core layer for modes (0,0), (0,1), (0,2), and (0,3). The boundary conditions of the
sandwich system are clamped at inner radius and free at outer radius. Then, the effects of applied electric fields
on the natural frequency and modal loss factor of the polar orthotropic sandwich annular plate are shown
in Fig. 4.

The effects of ~E3 on the natural frequency and modal loss factor of the sandwich system with various
thicknesses of ER layer are plotted in Fig. 5. The numerical results for modes (0,0) and (0,1) are shown in
Fig. 5(a) and (b), respectively. For modes (0,0) and (0,1), the analytical results are similar according to the
above results.
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Fig. 6 shows the numerical results of the effects of ~E3 on the natural frequency and modal loss factor of the
sandwich system with various electric fields.

The effects of thickness of ER layer on the natural frequency and modal loss factor with various ratios ~E3

are presented in Fig. 7. Fig. 8 shows the variations of the natural frequency and modal loss factor of the
sandwich system.

The effects of electric field on the natural frequency and modal loss factor of the sandwich system with
various ratios ~a are plotted in Fig. 9. And, the effects of thickness of ER layer on the natural frequency and
modal loss factor with various radius ratios are presented in Fig. 10.

4. Discussions

According to the numerical results in Fig. 3, the natural frequency will increase and the modal loss will
decrease while ~E3 increases. The larger ~E3 will increase the stiffness of the system and decrease the damping
effects of the system. Besides, the variations are similar for different modes in the figure. As shown in Fig. 4, it
can be observed that the natural frequency increases as the applied electric field magnitude increases.
Additionally, it also can be found that the modal loss factor of the system decreases as the applied electric field
increases. The tendency for each mode is the same from above analytical results. The variations are because
the larger applied electric fields will increase the stiffness of the ER layer and decrease the damping effects of
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the ER layer for the sandwich system. From the above results of Figs. 3 and 4, the vibration characteristics of
the sandwich system can be changed by the applied electric fields and strength parameter ~E3. Therefore, those
parameters can be used to control and change the natural frequency and modal loss factor of the sandwich
system.

In Fig. 5, it can be observed that the natural frequency becomes larger when ~E3 increases. In addition, the
modal loss factor will decrease as ~E3 increases. On the other hand, the natural frequency decreases and modal
loss factor increases when the thickness of ER layer increases. The thickness of the ER layer will affect the
stiffness and damping effects of the sandwich system and those characteristics can be controlled by the applied
electric fields. In practical applications, we can change natural frequency and the modal loss factor of the
system by the thickness of ER fluid core and ~E3. From Fig. 6, it can be observed that the natural frequency
increases as the applied electric fields increase. On the contrary, the modal loss factor decreases while the
applied electric field increases because of the decrement of the damping effects of the ER layer of the sandwich
system. According to the results, the applied electric field can change and control those dynamic characteristics
of the sandwich system immediately.

From the results in Fig. 7, it can be found that the larger thickness of the ER layer, the smaller natural
frequency. Contrary to the modal loss factor, the larger thickness of ER layer, the larger modal loss factor. It
is because that the larger thickness of the ER layer will increase the damping effects of the system and decrease
the stiffness of the sandwich system. Besides, the natural frequency will increase and modal loss factor will
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decrease while ~E3 increases. The thickness of ER fluid core layer has significant influence on the natural
frequency and modal loss factor and we can design some controllable device by various thicknesses of ER fluid
core layer. To base on the results in Fig. 8, the natural frequency increases while the applied electric field
increases. As to the modal loss factor, it can be seen that the modal loss factor will decrease when the applied
electric field increases. The natural frequency increases and the modal loss factor decreases because of the
increment of the stiffness and decrement of the damping effects of the ER layer by the applied electric fields.
From the results, the natural frequency and modal loss factor can be controlled and changed rapidly and
easily by applying various electric fields.

In Fig. 9, it can be observed that the larger applied electric fields, the larger natural frequency and smaller
modal loss factor. And, as the radius ratio ~a increases, the natural frequency will increase according to the
results. Furthermore, modal loss factor of the system will decrease as the radius ratio increases. In Fig. 10, the
results show that the larger thickness of ER layer, the smaller natural frequency and larger modal loss factor.
From the numerical results, it can be seen that the larger radius ratio, the larger natural frequency. On the
contrary, the modal loss factor will decrease when the radius ratio increases. For modes (0,0) and (0,1), the
analytical tendency is similar from the above results.

From the above numerical results, we can find that the thickness of ER fluid core layer, the applied electric
fields, and the parameters ~a and ~E3 can be used to change and control the natural frequency and modal loss
factor of the sandwich system. In practical applications, increasing the natural frequency can avoid the
resonance of the system and increase the stability of the sandwich system. Besides, increasing the modal
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Fig. 9. Effects of electric fields on the natural frequencies and the modal loss factors of the sandwich annular plate with various ratios ~a:
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loss factor can absorb the vibration of the system to decrease the generation of the system vibration.
Those designed parameters can be used and designed according to the different requirements of the devices.
Furthermore, the vibration characteristics of the designed devices can be controlled and changed actively and
immediately.

5. Conclusions

In this study, the vibration and damping problems of the polar orthotropic sandwich annular plate with ER
core layer are investigated and the discrete layer finite element method are adopted to calculate the problems.
Besides, the complex description of viscoelastic material is used for the ER fluid. It can be observed that the
ER damping treatment can make the system stable from the analytical results. And, the results show that the
natural frequency and modal loss factor will vary with changing the strength ratio ~E3.

On the other hand, the applied electric field can change the vibration and damping characteristics of the
polar orthotropic sandwich system. Then, the thickness of the ER layer also can change the stiffness of
the sandwich system, and the natural frequency and modal loss factor of the system will change. Besides, the
damping effects of the ER layer can be changed by applying different electric fields and shown to have
significant variations on the vibration and damping characteristics.

The present analytical results can be used to design the smart devices and other mechanical applications as
basic information. The mechanical devices, such as CD-ROM devices, can be controlled and changed actively



ARTICLE IN PRESS

0.4

h23

10

20

30

40

50

60

70

na
tu

ra
l f

re
qu

en
cy

 (H
z)

0.006

0.008

0.01

0.012

0.014

0.016

0.018

a = 0.5
0.1

0.4

0.1
0.5

0.4

~

~

0

20

40

60

80

na
tu

ra
l f

re
qu

en
cy

 (H
z)

0.004

0.008

0.012

0.016

0.02

0.024

m
od

al
 lo

ss
 fa

ct
or

m
od

al
 lo

ss
 fa

ct
or

a = 0.5

0.5

0.4

0.1

0.1

0.4

~

0.8 1.2 1.6 2

0.4

h23
~

0.8 1.2 1.6 2

Fig. 10. Effects of thickness of ER layer on the natural frequencies and the modal loss factors of the sandwich annular plate with various

ratios ~a: key: ———, natural frequency; – – –, modal loss factor ( ~E1 ¼ 1, ~E3 ¼ 1:5, E� ¼ 1:5kV=mm, b ¼ 0.15m, h3 ¼ 0:5mm, ~h13 ¼ 0:1).
(a) mode (0,0) and (b) mode (0,1).

J.-Y. Yeh et al. / Journal of Sound and Vibration 325 (2009) 1–1312
by those parameters. And, the dynamic stability problems of the polar orthotropic system with ER material
are the interesting topics to be investigated in the future.
Appendix A

Notation
a
 inner radius

b
 outer radius

di
 displacement field of the layer i
D
 the differential operator matrix

E�
 the applied electric field

Er;i, Ey;i
 Young’s modulus of layer i, i ¼ 1, 3
G0
 the shear storage modulus of ER fluid
G00
 the loss modulus of ER fluid
G2ðE�Þ
 the complex modulus of ER fluid

hi
 thickness of layer i, i ¼ 1, 2, 3

H1;iðzÞ
 the transverse interpolation matrix of layer i
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H2ðrÞ
 the interpolation matrix

Ni
 the element number of the ith layer

Zv
 the modal loss factor

k
 the shear correction factor

~l
 complex eigenvalue
ri
 the mass density of the ith layer

ury;i, uyr;i
 Poisson’s ratio of layer i, i ¼ 1, 3
o
 the natural frequency
Appendix B

Ci ¼

C11;i C12;i 0

C21;i C22;i 0

0 0 C44;i

2
64

3
75

for isotropic ER material, C11;2 ¼ C22;2 ¼ E2=1� u22, C12;2 ¼ C21;2 ¼ u2E2=1� u22, C44;2 ¼ E2=2ð1þ u2Þ,
u2 ¼ 0:499, respectively.

For polar orthotropic material (i ¼ 1,3), C11;i ¼ Er;i=1� ury;iuyr;i, C22;i ¼ Ey;i=1� ury;iuyr;i, C12;i ¼ C21;i

¼ uyr;iEr;i=1� ury;iuyr;i, C44;i ¼ kGrz;i, respectively. In the above equations, Ei is Young’s modulus, ui is the
Poisson’s ratio, and k is the shear correction factor.
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